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Abstract: We apply the principle of maximum conformality (PMC) to the Balitsky-
Fadin-Kuraev-Lipatov (BFKL) Pomeron intercept at the next-to-leading logarithmic (NLL)
accuracy. The PMC eliminates the conventional renormalization scale ambiguity by absorb-
ing the non-conformal {βi}-terms into the running coupling, and a more accurate pQCD
estimation can be obtained. After PMC scale setting, the QCD perturbative convergence
can be greatly improved due to the elimination of renormalon terms in pQCD series, and the
BFKL Pomeron intercept has a weak dependence on the virtuality of the reggeized gluon.
For example, by taking the Fried-Yennie gauge, we obtain ωPMCMOM(Q
2, 0) ∈ [0.149, 0.176]
for Q2 ∈ [1, 100] GeV2. This is a good property to apply to the high-energy phenomenol-
ogy. Further more, to compare with the data, it is found that the physical MOM-scheme
is more reliable than the MS-scheme. The MOM-scheme is gauge dependent, which can
also be greatly suppressed after PMC scale setting. We discuss the MOM-scheme gauge
dependence for the Pomeron intercept by adopting three gauges, i.e. the Landau gauge,
the Feynman gauge and the Fried-Yennie gauge, and we obtain ωPMCMOM(Q
2 = 15 GeV2, 0) =
0.166+0.010−0.017; i.e. about 10% gauge dependence is observed. We apply the BFKL Pomeron
intercept to the photon-photon collision process, and compare the theoretical predictions
with the data from the OPAL and L3 experiments.
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1 Introduction
The high energy limit of QCD is one of the most important aspects of strong interactions.
There are always more than one energy scale at high-energy hadronic collisions. If the
ratios of these scales are very large, or there are large log terms involving a particular
scale, we should resum these large logarithms so as to achieve a reliable estimation. For
example, the deep inelastic scattering at small Bjorken x involves large logarithm as ln s,
with
√
s the e+e− collision energy. A resummation of [αs ln s]
n is displayed by the leading
logarithmic (LL) Balitsky-Fadin-Kuraev-Lipatov (BFKL) equation [1–4]. The Pomeron,
built from gluons, is a coherent color-singlet object, and in LL approximation, it is treated
as a compound state of two reggeized gluons. The maximum eigenvalue (ωmax) of the
BFKL equation relates to the BFKL Pomeron intercept, which dominates the high-energy
asymptotic behavior of the scattering cross section via the relation, σ ∝ sαP−1 = sω
max
.
Thus it is interesting and necessary to study the properties of the Pomeron intercept. As
has already been shown that the leading order (LO) ωmax is about 0.55 for αs = 0.2, this
is rather large compared to experiments. So, the next-to-leading order (NLO) correction
to the BFKL equation is very important, which can be obtained by the resummation of
αs[αs ln s]
n terms. One may expect to achieve a reasonable intercept with the higher-
order corrections at the next-to-leading logarithmic (NLL) accuracy [5–13]. The Pomeron
intercept has also been analyzed in N = 4 super symmetry theory [14, 15]. It is shown
that in certain large-N QCD-like theories, the BFKL regime and the classic soft Regge
regime can be simultaneously described by using the curved-space string theory.
For calculating higher-order contributions to the Pomeron intercept, one needs to in-
troduce the renormalization scale µR. In the literature, it is usually taken as the typical
– 1 –
momentum flow of the process (Q), which can eliminate the (possible large) log terms
involving ln(µR/Q) to a certain degree. However for the non-Abelian QCD case, it is not
so simple and the naive choice of Q shall lead to unreasonable large NLO corrections, cf.
Refs. [5, 6]. Under such conventional scale setting, it has been found that the Pomeron in-
tercept includes both the renormaliztion scheme and the renormalization scale ambiguities.
Such renormalization scale uncertainty usually provides a large systematic error under the
conventional scale setting. To cure the scale ambiguity, in Ref.[16], the authors have sug-
gested to use Brodsky-Lepage-Mackenzie (BLM) scale setting [17] to deal with the Pomeron
intercept. After applying BLM scale setting and by transforming the expressions under
the modified minimal subtraction scheme (MS) [18] into those under the momentum space
subtraction scheme (MOM) [19], they obtained the Pomeron intercept ωmax = 0.13 ∼ 0.18.
The scheme transformation from MS to MOM is necessary, since as they have found that
the NLO terms give unreasonablely large contributions to the Pomeron intercept under the
MS scheme; while by using the MOM-scheme, a reasonable intercept can be obtained.
Recently, it has been pointed out that the principle of maximum conformality (PMC)
provides a possible systematic solution for eliminating the renormalization scheme and
renormalization scale ambiguities [20–28]. The PMC provides the underlying principle for
BLM scale setting [17], and it satisfies all the necessary self-consistency requirements of
the renormalization group [24]. As a step forward of Ref.[16], in this paper, we shall apply
PMC scale setting to deal with the NLL BFKL Pomeron intercept.
The main idea of PMC lies in that one can first finish the renormalization procedure for
any pQCD process by using an arbitrary renormalization scheme and an arbitrary initial
renormalization scale (µinitR ), and then set the effective or optimal PMC scale for the process.
In comparison, under conventional scale setting, one always fixes the renormalization scale
to be µinitR . The PMC scale (µ
PMC
R ) is formed by absorbing all non-conformal terms that
governs the running behavior of the coupling constant into the coupling constant. At each
perturbative order, new {βi}-terms will occur, so the PMC scale for each perturbative
order is generally different. To be consistent, similar to the case of BLM scale setting [29–
31], the PMC scales themselves are also in perturbative series. This property have been
put in a more solid background by using the newly suggested Rδ-scheme [26, 27], which
provides an elegant way to demonstrate the PMC principle and a method to automatically
setting the PMC scales to all-orders. Even though, one may choose any arbitrary value to
be µinitR , the optimal PMC scales and the resulting finite-order PMC prediction are both
to high accuracy independent of such arbitrariness, consistent with the renormalization
group invariance. There is residual initial renormalization-scale dependence due to the
lack of information on even higher-order {βi}-terms. Such residual scale-uncertainty will
be greatly suppressed when the PMC scales have been set suitably. After PMC scale
setting, the divergent “renormalon” series (n! βni α
n
s ) does not appear and the convergence
of the pQCD series can be greatly improved in principle.
The remaining parts of this paper are organized as follows. In Sec.2, we present
the calculation technology for dealing with the eigenvalue of the BFKL equation and the
Pomeron intercept at the NLL level by applying PMC scale setting. In Sec.3, we give a
detailed discussion on the properties of the Pomeron intercept and give a comparison of the
– 2 –
photon-photon collision process between our estimates and the OPAL and L3 data [32, 33].
Sec.4 is reserved for a summary.
2 The PMC scale setting for the eigenvalue of the BFKL equation and
the Pomeron intercept
2.1 The eigenvalue of the BFKL equation and the Pomeron intercept
Schematically, the eigenvalue of the BFKL equation ωMS(Q
2, ν) under the MS scheme,
which up to NLL level can be expressed as
ωMS(Q
2, ν) = NC χL(ν)
αMS(µ
init
R )
pi
[
1 + rMS(Q,µ
init
R , ν)
αMS(µ
init
R )
pi
+O
((αMS
pi
)2)]
,(2.1)
where Q stands for the virtuality of the reggeized gluon, ν is the conformal weight parame-
ter, NC(= 3) is the number of colors. It is an (good) approximation that ωMS(Q
2, ν) stands
for the eigenvalue of the BFKL equation, since it is obtained by averaging the BFKL kernel
over the azimuthal angles and the multi-gluon components of the Pomeron wavefunction
are neglected [5, 6]. The intercept of the BFKL Pomeron is related to the maximum eigen-
value of the BFKL equation ωmax
MS
, which can be obtained by taking the limit ν → 0 [34].
Here we have used µinitR to stand for the initial/formal renormalization scale, which is usu-
ally taken as the typical momentum flow of the process (or at which the experiment is
performed) that can absorb all the indeterminate radiative corrections into the definition
of the coupling constant 1. Substituting the conventional choice of µR ≡ µinitR = Q into
Eq.(2.1), we return to the usual expression for ωMS(Q
2, ν) as shown in Ref.[5]. Under such
conventional scale setting, the renormalization scale uncertainty usually provides a large
systematic error for pQCD estimations, which can be roughly estimated by varying the
scale within the region of [Q/2, 2Q]. In the present paper, we shall apply PMC to deal
with the process and to show how the scale uncertainty can be greatly suppressed. Thus
our understanding of the Pomeron properties can be greatly improved. For the purpose,
we keep µinitR as a free parameter, which may or may not equal to Q, then the terms
proportional to ln
[
Q2/
(
µinitR
)2]
should be kept.
For convenience of applying PMC scale setting, we further decompose the NLO coef-
ficient rMS(Q,µ
init
R , ν) into two parts,
rMS(Q,µ
init
R , ν) = r
conf
MS
(Q,µinitR , ν) + r
β
MS
(Q,µinitR , ν) β0, (2.2)
with the coefficient of the non-conformal part,
rβ
MS
(Q,µinitR , ν) = −
1
4
[
1
2
χL(ν) + ln
(
Q2(
µinitR
)2
)
− 5
3
]
(2.3)
1In fact, such argument is conceptional and is not strict, since it is the {βi}-functions that rightly governs
the correct behavior of the coupling constant.
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and the coefficient of the conformal part
rconf
MS
(Q,µinitR , ν) = −
NC
4χL(ν)
[
pi2sinh(piν)
2ν cosh2(piν)
(
3 +
(
1 +
nf
N3C
)
11 + 12ν2
16(1 + ν2)
)
− χ′′L(ν)
+
pi2 − 4
3
χL(ν)− pi
3
cosh(piν)
− 6ζ(3) + 4ϕ(ν)
]
. (2.4)
Here,
ϕ(ν) = 2
∫ 1
0
dx
cos(ν ln x)
(1 + x)
√
x
[
pi2
6
− Li2(x)
]
,Li2(x) = −
∫ x
0
dt
ln(1− t)
t
(2.5)
and
χL(ν) = 2ψ(1) − ψ(1/2 + iν)− ψ(1/2 − iν). (2.6)
The ψ(γ) = Γ
′
(γ)/Γ(γ) is Euler ψ-function. Note that in higher-order processes, there are
nf -terms coming from the Feynman diagrams with the light-by-light quark loops which
are irrelevant to the ultra-violet cutoff. In Eq.(2.4), the nf stands for the number of quark
flavors from the Abelian part of the process gg → qq. Those nf -terms have no relation
to the {βi}-terms, and they should be identified and kept separate from the PMC scale
setting [28]. So we set this nf = 4 through this paper. This treatment agrees with the
observation of Ref.[35], in which it shows that twelve of the thirteen invariant amplitudes
due to light-quark loop contributions to the three-gluon coupling give an nf dependence
in pQCD; however, this nf dependence is not associated with the QCD {βi}-terms and
should be kept separate during the scale setting.
2.2 The PMC scale setting
Before applying the PMC procedures to the process, we need to transform the results from
the MS-scheme to those of a non-Abelian physical scheme such as the MOM-scheme. This
is because that for the processes involving three-gluon vertex, the scale setting problem is
much more involved. It has already been observed that the renormalization scale which
appears in the three-gluon vertex should be a function of the virtuality of the three ex-
ternal gluons q21, q
2
2 and q
2
3 [35]. More explicitly, the analysis in Ref.[35] shows that when
the virtualities are very different as in the subprocess gg → g → QQ¯, the squared renor-
malization scale µ2R should be proportional to
q2
min
q2
med
q2max
, where |q2min| < |q2med| < |q2max| with
q2max being the maximal virtuality. A naive prediction based on the guessing scale µ
2
R ≃ Q2
will give misleading result, especially for the present BFKL case in which there are im-
portant leading-order gluon-gluon interactions. This could be the reason why under the
MS-scheme, the NLO correction to the maximum eigenvalue is negative and even larger
than LO contribution for αs > 0.157 [5, 6].
On the other hand, the non-Abelian physical scheme, e.g. the MOM scheme, based on
the renormalization of the symmetric triple-gluon vertex is appropriate for the purpose [19].
The MOM scheme is implemented by prescribing the values of divergent propagators and
vertices at some fixed configuration of external momenta, which is consistent with the
– 4 –
treatment of Ref.[35]. Due to the commensurate scale relation among different renormal-
ization, the physical estimation is indifferent to various scheme choices. Whereas, for a
fixed-order calculation, the pQCD series after PMC scale setting is only nearly conformal
due to unknown {βi}-terms, the pQCD convergence could be different for different choice of
schemes [28]. Because the MOM scheme is a physical method of renormalization, one may
expect reasonable convergence from expansions of physical quantities in terms of MOM
coupling constant.
The transformation from the MS scheme to the MOM scheme can be accomplished by
a transformation of the QCD coupling constant. At the one loop level, we have [19]:
αMS = αMOM
[
1 + TMS/MOM(ξ)
αMOM
pi
+O
((αMOM
pi
)2)]
, (2.7)
where the gauge dependent T -function can also be decomposed into the β-dependent and
β-independent parts
TMS/MOM(ξ) = T
conf
MS/MOM
(ξ) + T β
MS/MOM
(ξ) β0 (2.8)
with
T conf
MS/MOM
(ξ) =
Nc
8
[
17
2
I +
3
2
(I − 1)ξ +
(
1− 1
3
I
)
ξ2 − 1
6
ξ3
]
(2.9)
and
T β
MS/MOM
(ξ) = −1
2
(
1 +
2
3
I
)
, (2.10)
where I =
∫ 1
0 [lnx
2/(x− x2 − 1)]dx ≃ 2.344 and ξ is the gauge parameter for MOM scheme.
The β-dependent T -function (T β
MS/MOM
) together with the coefficient (rβ
MS
) rightly governs
the running behavior of the coupling constant, it should be absorbed into the coupling
constant. It is noted that the MOM scheme is gauge dependent already at the leading-
order level, e.g. ξ = 0 stands for the Landau gauge, ξ = 1 stands for the Feynman
gauge and ξ = 3 stands for the Fried-Yennie gauge. The Fried-Yennie is helpful for the
bound state problems, which can alleviate the notorious infrared difficulties in such kind
of problems [36, 37]. In the following we shall show how the gauge parameter affects the
final estimation.
As a combination of Eqs.(2.1,2.7), we obtain the eigenvalue of the BFKL equation
ωMOM(Q
2, ν) under the MOM scheme at the NLL level,
ωMOM(Q
2, ν) = NC χL(ν)
αMOM(µ
init
R )
pi
[
1 +
(
rMS(Q,µ
init
R , ν) + TMS/MOM(ξ)
) αMOM(µinitR )
pi
]
.
After applying PMC scale setting, we obtain the NLL BFKL eigenvalue ωPMCMOM(Q
2, ν),
ωPMCMOM(Q
2, ν) = NC χL(ν)
αMOM(µ
PMC
R )
pi
[
1 + Cconf(Q,µinitR , ν, ξ)
αMOM(µ
PMC
R )
pi
]
(2.11)
with the conformal term
Cconf(Q,µinitR , ν, ξ) =
(
rconf
MS
(Q,µinitR , ν) + T
conf
MS/MOM
(ξ)
)
– 5 –
and the LO PMC scale, which eliminates the non-conformal β0-term of the perturbative
series, is
µPMCR = Q exp
[
1
4
χL(ν)− 5
6
+
(
1 +
2
3
I
)]
, (2.12)
which is explicitly independent of the initial scale µinitR . This shows that the PMC scale
and the ωPMCMOM(Q
2, ν) are initial scale independent, and hence the usual renormalization
scale dependence is accidentally eliminated at the NLO level.
There are two types of residual scale dependence for the present NLO estimation due to
unknown higher order {βi}-terms: 1) The residual scale dependence for the LO PMC scale
µPMC;LOR , which is highly exponentially suppressed, i.e. those unknown {βi}-terms shall
be absorbed into the perturbative part of the PMC scale µPMC;LOR itself as an exponential
factor [28]; 2) We have set the NLO PMC scale to be equal to the LO PMC scale because
of lacking NNLO {βi}-terms, i.e. µPMC;NLOR = µPMC;LOR = µPMCR . Roughly, similar to
the conventional scale setting, one can estimate the uncertainty of NLO terms by varying
µPMC;NLOR ∈
[
µPMC;LOR /2, 2µ
PMC;LO
R
]
. The examples for the small residual (initial) scale
dependence at higher orders, e.g. the two-loop top pair production and the four-loop
R(e+e−), can be found in Refs.[20–23, 26–28].
Since the intercept of the BFKL Pomeron is related to the maximum eigenvalue of the
BFKL equation ωPMCMOM(Q
2, ν), we can conveniently obtain the final results for the Pomeron
intercept by taking the limit ν → 0 in the above expressions.
2.3 A more accurate estimation from the extended renormalization group
If two renormalization schemes are quite different, then the fixed-order coupling constant
transformation as Eq.(2.7) may not be good enough to guarantee a well pQCD convergence.
That is, we need an optimal scale setting to get the estimation as accurate as possible
by using the known fixed-order results. For the purpose, the extended renormalization
group [20, 38, 39] that transforms the schemes also in a similar continuous way as that of
the scales can be adopted for a more reliable estimation.
More explicitly, as an extension of the ordinary coupling, one can define a universal
coupling a(τ, {ci}) = β1/(4piβ0)α with ci = βiβi−10 /βi1 to include its dependence on both
the scale parameter τ = β20/β1 ln
(
µ2R/Λ
2
QCD
)
and the scheme parameters {ci}. As usual,
the scale evolution equation for the universal coupling can be written as
β(a, {ci}) = ∂a
∂τ
= −a2 [1 + a+ c2a2 + c3a3 + · · · ] . (2.13)
and the scheme evolution equation for the universal coupling can be defined as
βn(a(τ, {ci}), {ci}) = ∂
∂cn
a(τ, {ci}), (2.14)
which leads to
βn(a(τ, {ci}), {ci}) = −β(a(τ, {ci}), {ci})
∫ a(τ,{ci})
0
xn+2dx
β2(x, {ci}) , (2.15)
– 6 –
where a(0, {0}) =∞ and β(0, {0}) = 0 are boundary conditions, and the lower limit of the
integral has been set to satisfy the boundary condition βn(a(τ, {ci}), {ci}) = O(an+1). This
means that the truncation of the {βi}-functions simply corresponds to evaluating a(τ, {ci})
in a subspace where higher-order ci are zero. The scheme-equation (2.15) can be used to
relate the couplings under different schemes by properly changing {ci}.
It is noted that Eq.(2.15) can be perturbatively solved with the help of the scale-
equation (2.13), which can be adopted to estimate how the uncalculated higher-order terms
contribute to the final result. In the following we show that a more strict relation between
the coupling constant under the MS-scheme and the MOM-scheme can be obtained from
the extended renormalization group.
As a first step, we write down the relation between the QCD coupling constant under
the MS-scheme and the MOM-scheme up to NNLO level [19]:
αMS = αMOM
[
1 + T1
αMOM
pi
+ T2
(αMOM
pi
)2
+O
((αMOM
pi
)3)]
, (2.16)
where under the Landau gauge, the NLO coefficient T1 equals to TMS/MOM(0) that is
defined in Eq.(2.8) and the NNLO coefficient
T2 =
(
2d210 − d20
)
+ (4d10d11 − d21)nf +
(
2d211 − d22
)
n2f , (2.17)
where we have [40]: d10 = 11/2 + 23I/48, d11 = −1/3 − 2I/9, d20 = 59.8, d21 = −12.6
and d22 = 47/432 + 7I/54 + I
2/81. Those nf series can be written as the {βi}-series
via the PMC-BLM correspondence principle suggested in Ref.[20], or the newly suggested
equivalent method presented in Refs.[26, 27].
Further more, we adopt the extended renormalization group equation to get a more
accurate relation between the MOM-scheme and the MS-scheme. Using the redefinition of
a = β1/(4piβ0)α, we rewrite Eq.(2.16) in the following,
aMS = aMOM
[
1 +
(
4β0
β1
)
T1 aMOM +
(
4β0
β1
)2
T2 a
2
MOM +O
(
a3MOM
)]
(2.18)
= aMOM
[
1 + f2 aMOM + f3 a
2
MOM +O
(
a3MOM
)]
. (2.19)
With the help of the extended renormalization equations, we obtain [39]
τMS = τMOM − f2 (2.20)
cMS2 = c
MOM
2 − f2 − f22 + f3, (2.21)
Here the first equation gives the relation between the asymptotic scale under the MOM-
scheme and the MS-scheme [19], i.e. ΛMOMQCD /Λ
MS
QCD = exp[−2T1/β0]. Because the second
equation is derived from the coupling constant under the MS-scheme through a continuous
transformation, then, we can use the renormalization scale equation (2.13) to derive a more
accurate running behavior for the coupling constant at the NNLO level. Such a behavior
shall be helpful if we have known the NNLO eigenvalue of the BFKL equation and hence
the NNLO Pomeron intercept in the future.
– 7 –
3 Numerical results and discussions
For numerical calculation, we adopt the two-loop running coupling together with the ref-
erence point αMS(mZ) = 0.1184 [41] to set the asymptotic scale, i.e.
ΛMSQCD|(nf=3) = 0.386 GeV, ΛMSQCD|(nf=4) = 0.332 GeV and ΛMSQCD|(nf=5) = 0.231 GeV.
Using the relation between the asymptotic scale, ΛMOMQCD /Λ
MS
QCD = exp[−2TMS/MOM(ξ)/β0],
one can conveniently obtain the asymptotic scale under the MOM scheme. For example,
under the Landau gauge, we have
ΛMOMQCD |(nf=3) = 0.952 GeV, ΛMOMQCD |(nf=4) = 0.718 GeV and ΛMOMQCD |(nf=5) = 0.427 GeV.
3.1 Properties of the NLO BFKL Pomeron intercept
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Figure 1. The error analysis of the NLO BFKL Pomeron intercept ω(Q2, 0) versus Q2 under
the MOM scheme and the conventional scale setting. The shaded band shows the conventional
renormalization scale uncertainty by varying the renormalization scale µR(≡ µinitR ) within the region
of [Q/2, 2Q]. The left diagram is for the Landau gauge with ξ = 0 and the right one is for the
Fried-Yennie gauge with ξ = 3.
The NLO BFKL Pomeron intercept ω(Q2, 0) is obtained by taking the limit ν → 0 to
the eigenvalue of the BFKL equation. As a comparison, we firstly present the NLO BFKL
Pomeron intercept ω(Q2, 0) under the MOM scheme and the conventional scale setting in
Fig.(1). Here as usual, the scale uncertainty is estimated by taking µR ≡ µinitR ∈ [Q/2, 2Q].
Fig.(1) shows
• The NLO Pomeron intercept relies heavily on the virtuality of the reggeized gluon,
its magnitude shows a fast increase with the increment of Q2, especially for the case
of µR = Q/2. This means that the log-terms proportional to lnµR/Q eliminated by
the choice of µR = Q shall have large contributions for other scale choices, and we
need to know NNLO terms in order to provide a more reliable estimation.
Recently, it has been suggested that by following the idea of PMC, one can achieve a
better scale-error estimation under the conventional scale setting by partly including
– 8 –
100 101 102
−5
−4
−3
−2
−1
0
1
2
Q2(GeV2)
α
P−
1=
ω
(Q
2 ,
0)
 
 
Before PMC (LO)
Before PMC (NLO)
After PMC (LO)
After PMC (NLO)
100 101 102
−5
−4
−3
−2
−1
0
1
2
Q2(GeV2)
α
P−
1=
ω
(Q
2 ,
0)
 
 
Before PMC (LO)
After PMC (NLO)
Before PMC (LO)
After PMC(NLO)
Figure 2. The LO and NLO contributions of the BFKL Pomeron intercept versus Q2 under the
MOM scheme before or after PMC scale setting. The left diagram is for the Landau gauge with
ξ = 0 and the right one is for Fried-Yennie gauge with ξ = 3.
the coupling constant behaviors at higher orders into the prediction [42]. Such an
approximate analysis can be achieved by expanding the coupling constant at any
scale µR to be around Q, i.e.,
as(µR) = as(Q)− β0 ln
(
µ2R
Q2
)
a2s(Q) +
[
β20 ln
2
(
µ2R
Q2
)
− β1 ln
(
µ2R
Q2
)]
a3s(Q) +O(a4s),
(3.1)
where as = αs/4pi. These retrieved log-terms for µR 6= Q at higher orders which
can largely compensate the scale changes at the NLO level and then result in a more
reasonable conventional scale error estimation.
• Under conventional scale setting, there is large scale uncertainty, and similar to the
case of MS scheme [5, 6], we also obtain a negative value for ω(Q2, 0) under the
MOM scheme. The large negative NLO contribution shows the pQCD convergence is
questionable. Thus, we need to know the more complex NNLO or even higher-order
correction so as to obtain a reliable pQCD estimation.
• There is gauge dependence under the MOM scheme, e.g. different choice of ξ shall
lead to different estimations. Such gauge dependence also heavily depends on the
choice of renormalization scale.
After applying PMC scale setting, we show that the theoretical estimation on the NLO
BFKL Pomeron intercept can be greatly improved :
1. We present the LO and NLO contributions of the BFKL Pomeron intercept before and
after PMC scale setting in Fig.(2). Before PMC scale setting, the NLO term provides
a larger negative contribution to the LO term, so one always obtains a negative
Pomeron intercept which contradicts with the experimental result as mentioned in
the Introduction. The PMC scale setting provides a systematic way to absorb the
nonconformal {βi}-terms into the running coupling, the divergent renormalon series
– 9 –
is eliminated. Thus, in principle, the pQCD series becomes more convergent. It is
found that after PMC scale setting, the magnitude of the NLO contribution becomes
much smaller compared to that of conventional scale setting, which results in the
required positive BFKL Pomeron intercept. In fact, because of the fact that the
large log terms as ln(µR/Q) shall always accompany with the {βi}-terms, such large
log terms are also eliminated after PMC scale setting. In this sense, the conventional
idea of setting µR = Q is partly consistent with PMC scale setting, since some of the
{βi}-terms accompanying with the log terms are absorbed into the coupling constant
through such naive choice.
2. The initial renormalization scale dependence, and hence the conventional scale de-
pendence, can be greatly suppressed after PMC scale setting. In principle one needs
to resum all known {βi}-terms into PMC scales, and the initial renormalization scale
independence may not be explicitly shown. For the present NLO correction, there
is only one type of {βi}-terms (i.e. the β0-terms), thus to set the LO PMC scale
is equivalent to resum all powers of β0-terms into the PMC scale. In this sense,
the large β0-approximation suggested in the literature is consistent with our present
treatment, e.g. for the quarkonium electromagnetic annihilation decays [43].
As shown by Eq.(2.12), the resultant LO PMC scale and the ωPMCMOM(Q
2, ν) are in-
dependent of µinitR . Such initial scale independence shall be kept with high precision
even after doing higher-order calculations, because of the fact that the higher-order
{βi}-terms shall be absorbed as the higher-order terms of the PMC scale itself and
shall be further exponentially suppressed [20].
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Figure 3. A rough error analysis of the NLO BFKL Pomeron intercept ω(Q2, 0) versus Q2 under
the MOM scheme and the PMC scale setting. The shaded band shows the residual renormalization
scale uncertainty by varying the NLO PMC scale within the region of [µPMC;LO
R
/2, 2µPMC;LO
R
] with
µPMC;LO
R
= µPMC
R
that is determined by Eq.(2.12). The left diagram is for the Landau gauge with
ξ = 0 and the right one is for the Fried-Yennie gauge with ξ = 3.
3. Because we do not have enough information to set the NLO PMC scale, so we have set
it as µPMC;LOR . The NLO-term is then the only term which contains a non-conformal
contribution. In Fig.(3), we present the NLO BFKL Pomeron intercept ω(Q2, 0)
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versus Q2 under the MOM scheme and the PMC scale setting. The shaded band
shows the second type of the residual scale uncertainty by roughly varying the NLO
PMC scale within the region of
[
µPMC;LOR /2, 2µ
PMC;LO
R
]
with µPMC;LOR = µ
PMC
R that
is determined by Eq.(2.12). Through a comparison of Fig.(1) and Fig.(3), it is shown
that the second type of residual scale dependence can also be greatly suppressed in
comparison to the case of the conventional scale setting. This uncertainty, similar
to the conventional scale setting, can give us some idea on how the unknown higher-
order terms will affect the estimation, even though it only exposes the {βi}-dependent
non-conformal terms, not the entire perturbative series.
Because the NLO terms provide large negative contributions to the Pomeron intercept
even after PMC scale setting, the resultant second type of residual scale dependence is
still relatively large. However, it is noted that such error estimation explicitly breaks
the conformality of the pQCD series, and the present analysis of the scale uncertainty
is conceptional, which can be greatly suppressed when we know the one order higher
{βi}-terms well. Hence, we shall always keep the choice of µPMC;NLOR = µPMC;LOR in
our following discussions.
4. Varying Q2 within the region of [1, 100] GeV2, we obtain ωPMCMOM(Q
2, 0) ∈ [0.082, 0.158]
for the Landau gauge of ξ = 0, ωPMCMOM(Q
2, 0) ∈ [0.124, 0.168] for the Feynman gauge
of ξ = 1, and ωPMCMOM(Q
2, 0) ∈ [0.149, 0.176] for the Fried-Yennie gauge of ξ = 3,
respectively.
ξ = 0 ξ = 3
Q2 1 GeV2 15 GeV2 100 GeV2 1 GeV2 15 GeV2 100 GeV2
ωPMCMOM(Q
2, 0) 0.082 0.149 0.158 0.149 0.176 0.175
Table 1. The NLO BFKL Pomeron intercept ωPMCMOM(Q
2, 0) after PMC scale setting for three
typical virtualities of the reggeized gluon. The results for the Landau gauge with ξ = 0 and the
Fried-Yennie gauge with ξ = 3 are presented respectively.
We present the NLO BFKL Pomeron intercept ωPMCMOM(Q
2, 0) at Q2 = 1GeV2, 15GeV2
and 100GeV2 in Table 1, where the results for the Landau gauge and the Fried-Yennie
gauge are presented respectively. Such weak Q2-dependence of the Pomeron intercept
agrees with the previous statements drawn in Ref.[44], that is, the physical results
should not depend on Q2 in the Regge factors because its change is compensated by
the corresponding modification of the impact factors and the kernel, and hence it
does not have any influence on the correction to the Pomeron intercept.
As shown by Fig.(1), the gauge dependence is the weak point of the MOM scheme
itself [19]. However, in comparison to the case of conventional scale setting, the
Pomeron intercept after PMC scale setting has a much weaker dependence on the
reggeized gluon virtuality Q2, which is a good property when applies to higher-energy
phenomenology. One example of which will be shown in the following subsection.
More explicitly, for the case of Q2 = 15 GeV2, we obtain ωPMCMOM(Q
2, 0) = 0.166+0.010−0.017,
where the gauge dependence is about 10% with the central value for ξ = 1, the upper
– 11 –
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Figure 4. The NLO Pomeron intercept versus Q2 under the MOM scheme and three typical
gauges, where the dotted, the dashed and the solid lines are for ξ = 0, ξ = 1 and ξ = 3 respectively.
error for ξ = 3 and the lower error for ξ = 0, respectively. Fig.(4) shows this point
more clearly, which shows the behavior of the NLO Pomeron intercept versus Q2 for
the three different gauges.
3.2 A discussion on the photon-photon collision experiment
We choose the scattering of virtual photons as an example to compare our PMC calculations
with the experiment. The experimental analysis of this process can be useful to constrain
the QCD dynamics. The BFKL Pomeron theory is applicable for this process, since the
photon virtuality provides the hard scale to make pQCD applicable. In fact, the photon-
photon collision plays a special role in QCD, i.e. it provides a good opportunity to test the
high-energy asymptotic behavior of QCD [45–50].
In Fig.(5), we show the energy dependence of the total cross section for the highly
virtual photon-photon collisions with Q2 = 17 GeV2 predicted by NLO BFKL under
PMC and PMS scale setting. In the estimation, similar to Ref.[49], we have included the
contributions from the LO quark box diagrams [51] and NLO BFKL resummation. In
Fig.(5), we present the OPAL [32] (〈Q2〉 = 18 GeV2) and the L3 [33] (〈Q2〉 = 16 GeV2)
data from the previous LEP-2 experiment with the collision energy Ecm ∈ (189, 209) GeV.
As a comparison, we also present the theoretical calculation from the principle of minimum
sensitivity (PMS) scale setting [50], which can also give reasonable estimation as the case
of PMC scale setting and shows a large bias from the data in lower Q2 region. It shows
that after PMC scale setting, the gauge choices under the MOM scheme is very small,
especially in high collision energy region. One may observe that the theoretical results
from our calculation and the PMS method are larger than the data in lower energy region.
This is due to that at present, we only take the LO impact factor of the virtual photon
into consideration, while it is found there is a large negative contribution from the NLO
correction to the impact factor in lower energy region [52].
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Figure 5. The energy dependence of the total cross section for the highly virtual photon-photon
collisions withQ2 = 17 GeV2 predicted by NLO BFKL under PMC and PMS scale setting compared
with OPAL [32] (〈Q2〉 = 18GeV 2) and L3 [33] (〈Q2〉 = 16 GeV2) data from the previous LEP-2
experiment at CERN.
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Figure 6. The energy dependence of the total cross section of highly virtual photon-photon col-
lisions with 〈Q2〉 ≡ 20 GeV2 predicted by NLO BFKL under PMC scale setting for future linear
colliders with the collision energy up to 2 TeV [53].
As a final remark. In Fig.(6), we present the energy dependence of the total cross
section for 〈Q2〉 = 20 GeV2 in the energy region of future linear colliders with collision
energy up to 2 TeV [53]. Three curves in Fig.(6) show the results from three gauge choices
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under the MOM scheme, respectively. When the collision energy
√
sγγ = 1 TeV, we obtain
σ(γ∗γ∗) = 8.51 nb for ξ = 0, (3.2)
σ(γ∗γ∗) = 10.06 nb for ξ = 1, (3.3)
σ(γ∗γ∗) = 11.12 nb for ξ = 3. (3.4)
When the collision energy
√
sγγ = 2 TeV, we obtain
σ(γ∗γ∗) = 10.50 nb for ξ = 0, (3.5)
σ(γ∗γ∗) = 12.67 nb for ξ = 1, (3.6)
σ(γ∗γ∗) = 14.19 nb for ξ = 3. (3.7)
This shows a measurement of this cross section at the future linear colliders with large
collision energy and high luminosity shall provide an excellent test of the BFKL Pomeron.
4 Summary
In the paper, we have studied the BFKL Pomeron intercept up to NLO level by using PMC
scale setting. It is shown that in different to the conventional scale setting, we can obtain
a reasonable intercept by using PMC scale setting.
In doing PMC scale setting, we first transform the Pomeron intercept under the MS-
scheme to the one under the physical MOM-scheme. Then, after applying PMC scale
setting, we obtain ωPMCMOM(Q
2, 0) ∈ [0.082, 0.158] for the Landau gauge, ωPMCMOM(Q2, 0) ∈
[0.124, 0.168] for the Feynman gauge, and ωPMCMOM(Q
2, 0) ∈ [0.149, 0.176] for the Fried-Yennie
gauge, where Q2 ∈ [1, 100] GeV2. Using the BFKL Pomeron intercept as an explicit
example, we have shown that there are several good features after PMC scale setting:
• The unreasonable negative estimation of the Pomeron intercept and the large scale
uncertainty under conventional scale setting can be greatly cured. The LO PMC scale
and hence the NLO BFKL Pomeron intercept is highly independent of the initial
renormalization scale. This is because the only {βi}-terms (i.e. the β0-terms) at
the NLO level rightly determines the physical behavior of the LO coupling constant.
There are residual PMC scale dependence, which comes form the unknown {βi}-terms
at the NNLO level or higher. It is shown that such residual scale dependence can be
highly suppressed.
• As shown by Fig.(4), the NLO BFKL Pomeron intercept has a weak dependence on
the virtuality of the reggeized gluon, and also has a small gauge dependence for the
MOM-scheme. These are good properties to apply to the high-energy phenomenology.
For example, we have applied the BFKL Pomeron intercept to the photon-photon
collision process, and compared the theoretical predictions with the data from the
OPAL and L3 experiments. In Fig.(6), we present the energy dependence of the total
cross section for the photon-photon collision at 〈Q2〉 = 20 GeV2 with its collision
energy up to 2 TeV. We expect a verification of the BFKL Pomeron at the future
International Linear Collider.
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• The PMC scale setting provides a systematic way to absorb the nonconformal {βi}-
terms into the running coupling, the divergent renormalon series (n!αnsβ
n
i ) is elimi-
nated. Thus, as shown clearly in Fig.(2), the pQCD series becomes more convergent
and we obtain a more credible estimation of Pomeron intercept.
Acknowledgement: The authors would like to thank Stanley Brodsky and
Matin Mojaza for helpful discussions. This work was supported in part by the Fundamental
Research Funds for the Central Universities under Grant No.WLYJSBJRCGR201106 and
No.CQDXWL-2012-Z002, by Natural Science Foundation of China under Grant No.11075225
and No.11275280, and by the Program for New Century Excellent Talents in University
under Grant NO.NCET-10-0882.
References
[1] V.S. Fadin, E.A. Kuraev and L.N. Lipatov, On the Pomeranchuk singularity in
asymptotically free theories, Phys. Lett. B 60, 50 (1975).
[2] E.A. Kuraev, L.N. Lipatov and V.S. Fadin, Multi-Reggeon processes in the Yang-Mills
theory, Sov. Phys. JETP 44, 443 (1976).
[3] E.A. Kuraev, L.N. Lipatov and V.S. Fadin, The Pomeranchuk singularity in nonabelian
gauge theories, Sov. Phys. JETP 45, 199 (1977).
[4] I.I. Balitsky and L.N. Lipatov, The Pomeranchuk singularity in quantum chromodynamics,
Sov. J. Nucl. Phys 28, 822 (1977).
[5] V.S. Fadin and L.N. Lipatov, BFKL Pomeron in the next-to-leading approximation, Phys.
Lett. B 429, 127 (1998).
[6] M. Ciafaloni and G. Camici, Energy scale(s) and next-to-leading BFKL equation, Phys. Lett.
B 430, 349 (1998).
[7] D.A. Ross, The effect of higher order corrections to the BFKL equation on the perturbative
Pomeron, Phys. Lett. B 431, 161 (1998).
[8] L.P.A. Haakman, O.V. Kancheli and J.H. Koch, The BFKL Pomeron with running coupling
constant: How much of its hard nature survives, Nucl. Phys. B 518, 275 (1998).
[9] R.S. Thorne, NLO BFKL equation, running coupling and renormalization scales, Phys.Rev.
D60, 054031 (1999).
[10] E. Levin, The BFKL high energy asymptotic in the next-to-leading approximation,
Nucl.Phys., B545, 481 (1999).
[11] V.S. Fadin and R. Fiore, Non-forward BFKL Pomeron at next-to-leading order, Phys. Lett.
B 610, 61 (2005); Erratum-ibid. B 621, 320 (2005).
[12] J. Bartels, L.N. Lipatov and A.S. Vera, BFKL Pomeron, Reggeized gluons and Bern - Dixon
- Smirnov amplitudes, Phys.Rev. D80, 045002 (2009).
[13] M. Hentschinski, A.S. Vera and C. Salas, Hard to soft Pomeron transition in small-x deep
inelastic scattering data using optimal renormalization, Phys. Rev. Lett. 110, 041601 (2013).
– 15 –
[14] A.V. Kotikov, L.N. Lipatov, A.I. Onishchenko and V.N. Velizhanin, Three loop universal
anomalous dimension of the Wilson operators in N = 4 SUSY Yang-Mills model, Phys.Lett.
B595, 521 (2004); Erratum-ibid. B632, 754 (2006).
[15] R.C. Brower, J. Polchinski and M.J. Strassler, The Pomeron and gauge/string duality, JHEP
0712, 005 (2007).
[16] S.J. Brodsky, V.S. Fadin, V.T. Kim, L.N. Lipatov and G.B. Pivovarov, The QCD Pomeron
with optimal renormalization, JETP. Lett 70, 155 (1999).
[17] S.J. Brodsky, G.P. Lepage and P.B. Mackenzie, On the elimination of scale ambiguities in
perturbative quantum chromodynamics, Phys. Rev. D 28, 228 (1983).
[18] W.A. Bardeen, A.J. Buras, D.W. Duke and T. Muta, Deep inelastic scattering beyond the
leading order in asymptotically free gauge theories, Phys. Rev. D 18, 3998 (1978).
[19] W. Celmaster and R.J. Gonsalves, Renormalization-prescription dependence of the
quantum-chromodynamic Coupling Constant, Phys. Rev. D 20, 1420 (1979).
[20] S.J. Brodsky and X.G. Wu, Scale setting using the extended renormalization group and the
principle of maximum conformality: The QCD coupling constant at four loops, Phys. Rev. D
85, 034038 (2012); Erratum-ibid. D 86, 079903 (2012).
[21] S.J. Brodsky and X.G. Wu, Eliminating the renormalization scale ambiguity for top-pair
production using the principle of maximum conformality, Phys. Rev. Lett. 109, 042002
(2012).
[22] S.J. Brodsky and X.G. Wu, Application of the principle of maximum conformality to the
top-quark forward-backward asymmetry at the Tevatron, Phys. Rev. D 85, 114040 (2012).
[23] S.J. Brodsky and X.G. Wu, Application of the principle of maximum conformality to
top-pair production, Phys. Rev. D 86, 014021 (2012); Erratum-ibid. D 87, 099902 (2013).
[24] S.J. Brodsky and X.G. Wu, Self-consistency requirements of the renormalization group for
setting the renormalization scale, Phys. Rev. D 86, 054018 (2012).
[25] S.J. Brodsky and L.D. Giustino, Setting the renormalization scale in QCD: the principle of
maximum conformality, Phys. Rev. D 86, 085026 (2012).
[26] M. Mojaza, S.J. Brodsky and X.G. Wu, Systematic all-orders method to eliminate
renormalization-scale and scheme ambiguities in perturbative QCD, Phys. Rev. Lett. 110,
192001 (2013).
[27] S.J. Brodsky, M. Mojaza and X.G. Wu, Systematic scale-setting to all orders: The principle
of maximum conformality and commensurate scale relations, arXiv: 1304.4631.
[28] X.G. Wu, S.J. Brodsky and M. Mojaza, The renormalization scale-setting problem in QCD,
Prog. Part. Nucl. Phys. 72, 44 (2013).
[29] G. Grunberg and A.L. Kataev, On some possible extensions of the Brodsky - Lepage -
MacKenzie approach beyond the next-to-leading order, Phys. Lett. B 279, 352 (1992).
[30] G. Grunberg, Method of effective charges and Brodsky-Lepage-Mackenzie criterion, Phys.
Rev. D 46, 2228 (1992).
[31] S.J. Brodsky and H.J. Lu, Commensurate scale relations in quantum chromodynamics, Phys.
Rev. D 51, 3652 (1995).
[32] G.Abbiendi et al. (OPAL Collab), Measurement of the hadronic cross-section for the
scattering of two virtual photons at LEP, Eur. Phys. J. C 24, 17 (2002).
– 16 –
[33] P.Achard et al. (L3 Collab), Double-tag events in two-photon collisions at LEP, Phys. Lett.
B 531, 39 (2002).
[34] L.N. Lipatov, Small x physics in perturbative QCD, Phys.Rept., 286, 131 (1997).
[35] M. Binger and S.J. Brodsky, Form factors of the gauge-invariant three-gluon vertex, Phys.
Rev. D 74, 054016 (2006).
[36] H.M. Fried and D.R. Yennie, New techniques in the Lamb shift calculation, Phys. Rev. 112,
1391 (1958).
[37] M.I. Eides, H. Grotch and V.A. Shelyuto, Theory of light hydrogenlike atoms, Phys. Rept.
342, 63 (2001).
[38] P.M. Stevenson, Optimized perturbation theory, Phys. Rev. D 23, 2916 (1981).
[39] H.J. Lu and S.J. Brodsky, Relating physical observables in QCD using the extended
renormalization group method, Phys. Rev. D 48, 3310 (1993).
[40] K.G. Chetyrkin and T. Seidensticker, Two-loop QCD vertices and three-loop MOM β
functions, Phys. Lett. B 495, 74 (2000).
[41] J. Beringer et al., Particle Data Group, Review of Particle Physics, Phys. Rev. D 86, 010001
(2012).
[42] S.Q. Wang, X.G. Wu, X.C. Zheng, J.M. Shen and Q.L. Zhang, J/ψ + χcJ Production at the
B Factories under the Principle of Maximum Conformality, arXiv: 1301.2992; to be
published in Nucl.Phys.B (2013).
[43] E. Braaten and Y.Q. Chen, Renormalons in electromagnetic annihilation decays of
quarkonium, Phys. Rev. D 57, 4236 (1998).
[44] L.N. Lipatov, The bare Pomeron in quantum chromodynamics, Sov.Phys.JETP 63, 904
(1986).
[45] V.M. Budnev, I.F. Ginzburg, G.V. Meledin and V.G. Serbo, The two photon particle
production mechanism. Physical problems. Applications. Equivalent photon approximation,
Phys.Rept. 15, 181 (1975).
[46] J. Bartels, A. De Roeck and H. Lotter, The γ∗γ∗ total cross section and the BFKL Pomeron
at e+e− colliders, Phys. Lett. B 389, 742 (1996).
[47] S.J. Brodsky, F. Hautmann and D.E. Soper, Probing the QCD Pomeron in e+e− collisions,
Phys. Rev. Lett. 78, 803 (1997); Erratum-ibid. 79, 3544 (1997).
[48] S.J. Brodsky, F. Hautmann and D.E. Soper, Virtual photon scattering at high-energies as a
probe of the short distance Pomeron, Phys. Rev. D 56, 6957 (1997).
[49] S.J. Brodsky, V.S. Fadin, V.T. Kim, L.N. Lipatov and G.B. Pivovarov, High-energy QCD
asymptotic behavior of photon-photon collisions, JETP. Lett 76, 249 (2002).
[50] F. Caporale, D.Y. Ivanov and A. Papa, BFKL resummation effects in the γ∗γ∗ total
hadronic cross section, Eur. Phys. J. C 58, 1 (2008).
[51] I. Schienbein, Two photon processes and photon structure, Ann. Phys. 301, 128 (2002).
[52] G. Chachamis and J. Bartels, NLO photon impact factor: present status and outlook, Pos
DIFF 2006, 026 (2006).
[53] S. Wallon, Perturbative QCD in the Regge limit: prospects at ILC, arXiv: 0710.0833.
– 17 –
